We find the most general Self-dual Lorentzian Wormholes in a special class of teleparallel theory of gravitation. The spacetime of these wormholes is a static and it includes the Schwarzschild black hole, a family of naked singularity and a disjoint family of Lorentzian wormholes all of which have a vanishing scalar curvature R({}). The stability is studied using the equations of geodesic deviation. The condition of stability is obtained from which the stability of Schwarzschild solution can be obtained.
Introduction
In recent years there have been considerable interest in the topic of traversable wormholes, solutions of Einstein's field equations which act as tunnels from one region of spacetime to another, through which an observer might freely pass [1, 2] . Lorentzian wormholes have been quite popular over the last few years for a variety of reasons. Among them, the exciting possibility of constructing time machines with these spacetimes. Several such constructions have been suggested by various authors [3, 4] . Traversable wormhole spacetimes have the property that they must involve exotic matter that is a stress tensor which violates the energy condition. In fact, the weakest of these conditions, namely the energy condition (WEC) or its averaged version has been found to be violated by the matter required to supports a wormhole. It was pointed out by Visser [5] that there is no experimental evidence that clearly support the WEC (in fact the Casimir effect [6] clearly demonstrates its violation), physicists (or, more specifically, general relativists) tend to believe in these conditions for two primarily reasons (i) almost all known and physically realizable forms of matter satisfy them and (ii) they are among the assumptions necessary to prove the Hawking-Penrose singularity theorems [7] . A way out of this contradiction between wormhole existence and WEC violation was to take refuge in quantum theory. It has been shown [8] that there exist quantum states for which the expectation value of the energy-momentum tensor violates all energy conditions. Various attempts have been made to generalize the Morris and Thorne [1] wormhole by giving up spherical symmetry [9] or by including time-dependence. A particular interesting example of the latter is the inclusion of a de Sitter scale factor multiplying the spatial part of the metric. The goal was to study the possibility of enlarging a wormhole pulled out of the spacetime foam to macroscopic size [10] . A similar scale factor was used by Kim [11] .
The tetrad theory of gravitation based on the geometry of Weitzenböck [12] ∼ [19] can be considered as the closest alternative to general relativity, and it has a number of attractive features both from the geometrical and physical viewpoints. Absolute parallelism is naturally formulated by gauging spacetime translations and underlain by the Weitzenböck spacetime, which is characterized by the metricity condition and by the vanishing of the curvature tensor (constructed from the connection of the Weitzenböck spacetime). Translations are closely related to the group of general coordinate transformations which underlies general relativity. Therefore, the energy-momentum tensor represents the matter source in the field equation for the gravitational field just like in general relativity.
The tetrad formulation of gravitation was considered by Møller in connection with attempts to define the energy of gravitational field [20, 21] . For a satisfactory description of the total energy of an isolated system it is necessary that the energy-density of the gravitational field is given in terms of first-and/or second-order derivatives of the gravitational field variables. It is well-known that there exists no covariant, nontrivial expression constructed out of the metric tensor. However, covariant expressions that contain a quadratic form of first-order derivatives of the tetrad field are feasible. Thus it is legitimate to conjecture that the difficulties regarding the problem of defining the gravitational energy-momentum are related to the geometrical description of the gravitational field rather than are an intrinsic drawback of the theory [22, 23] .
The general form of the tetrad, e i µ , having spherical symmetry was given by Robertson [24] . In the Cartesian form it can be written as *
where A, C, D, B, F, and S are functions of t and r = (x α x α ) 1/2 . We consider an asymptotically flat spacetime in this paper, and impose the boundary condition that for r → ∞ the tetrad (1) approaches the tetrad of Minkowski spacetime, (e i µ ) = diag(1, δ a α ).
In alternative theories to general relativity wormhole solutions have been worked out. In higher dimensions solutions have been found by Chodos and Detweiler [25] , Clément [26] and DeBenedictis and Das [27] , in Brans-Dicke theory by Nandi et al. [28] , in KaluzaKlein theory by Shen et. al. [29] , in Einstein-Gauss-Bonnet by Kar [30] , Anchordoqui and Bergliaffa found a wormhole solution in a brane world scenario [31] further examined by Barceló and Visser [32] and Koyama et al. [33] examined a two-dimensional dilatonic theory.
It is the aim of the present paper to find a general static spherically symmetric wormhole solutions in the tetrad theory of gravitation. Moreover, the properties of this solution is discussed. In section 2 we briefly review the tetrad theory of gravitation. In section 3, we study the general solution without the S-term (see 1) , where the remaining unknown functions are allowed to depend on r and a general solution with an arbitrary function of r is obtained. Then we compare this general solution with that obtained before [34] . Also we study the general solution with a non-vanishing S-term from which a solution with one parameter η is obtained. Both solutions give the same spacetime which is the spherically symmetric self dual Lorentzian wormhole. The condition of stability of this spacetime using the geodesic deviation equations is given in section 4. The final section is devoted to discussion and conclusion.
Computer algebra system Maple 6 is used in some calculations.
The tetrad theory of gravitation
In a spacetime with absolute parallelism the parallel vector fields e i µ define the nonsymmetric connection Γ λ µν def.
where e iµ,ν = ∂ ν e iµ . The curvature tensor defined by Γ λ µν is identically vanishing, however. The metric tensor g µν is given by
with the Minkowski metric η ij = diag(+1 , −1 , −1 , −1) * . We note that, associated with any tetrad field e i µ there is a metric field defined uniquely by (3), while a given metric g µν does not determine the tetrad field completely; for any local Lorentz transformation of the tetrads e i µ leads to a new set of tetrads which also satisfy (3). The gravitational Lagrangian L G has the form
where t µνλ , Φ µ and a µ are irreducible representation of the torsion tensor defined by
with ǫ µνρσ is a totally antisymmetric tensor normalized to
and T µνλ is the torsion tensor defined by
κ and ξ are the Einstein gravitational constant and a free dimensionless parameter † .
The gravitational field equations for the system described by L G are the following:
where the Einstein tensor G µν ({}) is defined by
where R µν ({}) is the Ricci tensor and R({}) is the Ricci scalar. We assume that the energymomentum tensor of matter fields is symmetric. The energy-momentum tensor of a source field with Lagrangian L M : √ −gT
Here H µν and J ijµ are given by
and
respectively, where
Therefore, both H µν and J ijµ vanish if the a µ is vanishing. † Throughout this paper we use the relativistic units , c = G = 1 and κ = 8π.
Spherically symmetric solutions
In this section we find the most general, self-dual Lorentzian wormholes in the tetrad theory of gravitation. The axial-vector part of the torsion tensor, a µ , is vanishing, and the skew part of the field equation (8) is satisfied identically. We discuss two cases separately: One with S = 0 and the other with S = 0.
(i) The case without the S-term. In this case the axial-vector part of the torsion tensor a µ is identically vanishing. Thus, when this tetrad is applied to the field equations, the skew part (8) is automatically satisfied and the solution of the symmetric part is the self-dual Lorentzian wormholes. Therefore, the solution of the form (1) with S = 0 can be obtained from the diagonal tetrad of the self-dual Lorentzian wormhole metric by a local Lorentz transformation which keeps spherical symmetry,
where H is an arbitrary function ofR and L = √ H 2 + 1. Namely, we see that
is the most general, self-dual Lorentzian wormhole solution without the S-term. Here e l (0)µ is the diagonal tetrad in the spherical polar coordinates given by [34] 
andR is defined asR = r/B [34] . The explicit form of the e i µ is then given by
If we apply the tetrad (18) to the symmetric part of the field equation (7), the right hand side takes the form
where
, with ρ(R) being the energy density, τ (R) is the radial pressure and p(R) is the tangential pressure. (Note that τ (R) as defined above is simply the radial pressure p r , and differs by a minus sign from the conventions in [1, 9] .) The metric associated with the tetrad (18) is given by
where η 1 (R) and η 2 (R) have the form
with dΩ 2 = dθ 2 + sin 2 θdφ 2 . which is the self dual Lorentzian wormhole [35] . If one replacing k 2 by −k 2 at the above solution the resulting form will also be a solution to the field equations (7) & (8). The metric (20) makes sense only for R ≥ 2m, so to really make the wormhole explicit one needs two conditions patches
which we then have to sew together at R = 2m.
(ii) The case with non-vanishing S-term. We start with the tetrad of (1) with the six unknown functions of t and r. In order to study the condition that the a µ vanishes it is convenient to start from the general expression for the covariant components of the tetrad, e 00 = iǍ, e a0 =Čx a , e 0α = iĎx
where the six unknown functions,Ǎ,Č,Ď,B,F ,Š, are connected with the six unknown functions of (1). We can assume without loss of generality that the two functions,Ď andF , are vanishing by making use of the freedom to redefine t and r [36] . We then transform the tetrad (22) to the spherical polar coordinates (r, θ, φ, t) to take the form
rČ sin θ cos φB sin θ cos φ rB cos θ cos φ + r 2Š sin φ −rB sin θ sin φ + r 2Š sin θ cos θ cos φ rČ sin θ sin φB sin θ sin φ rB cos θ sin φ − r 2Š cos φ rB sin θ cos φ + r 2Š sin θ cos θ sin φ rČ cos θB cos θ
(23) Then the condition that the axial vector part a µ vanishes is to be [37] .
withŠ ′ = dŠ/dr andˇṠ = dŠ/dt. This condition can be solved to givě
where η is a constant with dimension of (length) 2 .
The symmetric part of the field equations now coincides with the Einstein equation. The metric tensor formed of the tetrad (23) with (25) is not of the self dual Lorentzian wormhole solution form. Taking the new radial coordinate
then the metric tensor takes the well-known self dual Lorentzian wormhole solution form [35] .
Applying the transformation (26) to the tetrad (23) with (25), one finally obtains the general, spherically symmetric self dual Lorentzian wormhole solution with non-vanishing S-term: The non-vanishing, covariant components of the tetrad are given by
whereX andŶ are given by Equ. (17) , and
and f (R) is given by
The tetrad (27) when applies to the symmetric part of the field equation (7), the right hand side takes the form (19) . The metric associated with the tetrad (27) is given by (20) . All the above solutions have a common property that their scalar Ricci tensor vanishing identically, i.e., R({}) = 0.
It is clear that if the constant η and the arbitrary function H(R) are equal to zero the two classes of solutions given by (18) and (27) coincide with each other, and reduce to the solution given before [34] . Furthermore, if k 1 = 0 and k 2 = 1 then the two solutions coincides with each other and give the Schwarzschild solution [37] .
The solutions (18) and (27) are the exact solutions of the field equations (7) and (8) . The spacetime of the two tetrads (18) and (27) is the static self dual Lorentzian wormholes and it includes the Schwarzschild black hole, a family of naked singularity and a disjoint family of Lorentzian wormholes. Now let us compare the solution (18) with that given before [34] . Started from a spherically symmetric tetrad with three unknown functions of the radial coordinate r only, which is given in the spherical polar coordinates by [24] (e i µ ) =
Applying the tetrad (30) to the field equations, (9) and (10), we obtained a solution of the form [34] A(R) = 1 
The Stability condition
In the background of gravitational field the trajectories are represented by the geodesic equation
where dx µ ds is the velocity four vector, s is a parameter varying along the geodesic. It is well know that the perturbation of the geodesic will lead to deviation [38] 
where ζ ρ is the deviation 4-vector.
Applying (33) , (34) in (20) one can gets for the geodesic equations
and for the geodesic deviation
where η 1 (r) and η 2 (r) are given by (21) and η 1 ′ (r) = dη 1 (r) dr and we have consider the circular orbit in the plane
Using (37) in (20) we get
from (35) and (38) we obtain dφ ds
The variable s in (36) can be eliminated and one can rewrites it in the form
As is clear from the third equations of (40) that it represent a simple harmonic motion, this means that the motion in the plan θ = π/2 is stable.
Assuming now the solution of the remaining equations to have the form
where A 1 , A 2 , A 3 are constants to be determined. From (41) and (40) one can gets
where η 1 (r) is given by (21) . Equ. (42) is the condition of the stability for the self-dual Lorentzian wormhole.
Main results and Discussion
It was recognized by Flamm [39] in (1916) that our universe may not be simply connected, there may exist handles or tunnels now called wormholes, in the spacetime topology linking widely separated regions of our universe or even connected us with different universes altogether. That such wormholes may be traversable by humanoid travellers was first conjectured by Morris and Thorne [1] , thereby suggesting that interstellar travel and even time travel may some day be possible [9, 40] .
We have studied the general spherically symmetric self-dual Lorentzian wormhole solutions in teleparallel theory of gravitation. Tetrads with spherical symmetry are classified into two groups. i) The groups in which the S-term is vanishing, and therefore, the axial vector part a µ is identically vanishing. Accordingly we obtain a family of solutions with an arbitrary function ofR, i.e., H(R). A relation with the solution given before [34] had been established by assuming a specific form of the arbitrary function H(R) as given by (32) .
ii) The groups which possess the S-term, namely, the term S(r)ǫ aαβ x β . When the S-term is non-vanishing, we obtain the condition (25) which is the condition for vanishing the axial vector part, i.e. a µ = 0. In this case we obtain a family of solutions with one parameter, i.e., η. For comparison if this constant is set equal to zero then the tetrad (27) will reduce to the diagonal form of (30) .
The stability condition for the metric of the self-dual Lorentzian wormhole solution is derived (42). From this condition one can sees that: If k 1 = 0 and if r becomes small then the value of (42) takes the value r > 6m which is the condition of stability of Schwarzschild solution, while if r → 0 the value of (42) is finite.
